


We are dealing with the model of simultaneous choice of level of effort e by the 
entrepreneur and the level of advice a by the VC. Hence, in order to solve the 
problem we need to find the respective reaction functions. For an explicit 
solution we need to present the functions ),( aep , )(acV  and )(ecE  in explicit 
forms. By economic intuition all three functions increase in their arguments. In 
addition the probability function is concave from the origin, whereas the cost 
functions are convex from the origin (given that both arguments are non-
negative). ),( aep  is concave because it should asymptotically approach 1 as we 
infinitely increase e and a. Cost functions are convex due to the axiomatic 
concavity of the profit functions. Assume aeaep ),( ; 0 , 0  and 

1  . In this case the probability function has the proposed shape. In order 
for the probability to be distributed between 0 and 1 we normalize e and a in 
such a way that the maximum value for both of these variables is 1 (or 100%) 
and their minimum value is 0. Let  

aacV )( , where 1 , and eecE )( , where 1 . (3) 

The representation of the functions is simple; however the generality is not lost. 
The equations of reaction function can be derived from first order conditions 
for profit function maximization: we will consider only the case of contract 
between a single VC and a single entrepreneur. 

Derive VC’s reaction function: 

)()( kMasRaeaV    (4) 
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The obtained reaction function increases on its domain and is concave from the 
origin. To prove it find its first and second derivatives and compare them with 
0: 
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By the same logic the entrepreneur’s reaction function can be obtained: 

 ehckRsae effE  )()1(  (6) 
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The entrepreneur’s reaction function increases and is convex from the origin (in 
the same (e,a) framework): 
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The obtained reaction functions can be depicted in ),( ae framework: 
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Picture 1. Sustainability of equilibrium in ),( ae  framework. 

 

From the described properties of the reaction functions it follows that the 
equilibrium exists (the graphs of the reaction functions intersect). It is worth 
mentioning that point (0,0) belongs to both graphs: however, we will not 
consider this intersection as equilibrium because, on one hand, it is irrelevant 
from the economic point of view, and on the other hand, this equilibrium is 
unsustainable. 

Let us find the equilibrium in our system. Firstly, we will demonstrate in Picture 
1 that point ),(  ae (the point of intersection of our reaction functions) is a 
sustainable equilibrium. Assume that the entrepreneur initially chooses the level 
of effort that is smaller than e* (say, e1). Then the VC reacts by choosing the 
level of advice )( 11 eaa  which maximizes its expected profit. In his turn the 
entrepreneur chooses the level of effort )( 12 aee  . Consequently, after a number 
of such consecutive steps from both sides the equilibrium converges to 
point ),(  ae . 

Now demonstrate that any deviation from ),(  ae  to the north-east will also 
end by returning to ),(  ae . To be clearer let us assume that this time it is the 
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VC who deviates from the equilibrium first (he chooses the level of advice a ). 
From the entrepreneur’s reaction function it follows that he chooses the level of 
effort )(aee  , which results in the new choice of )(eaa   by the VC, and so 
on until the equilibrium converges to ),(  ae . 

We showed that any deviation from the reaction functions’ intersection will 
result in step-by-step return to the initial equilibrium. We conclude that this 
equilibrium is steady (sustainable). 

In order to move to the first stage of our game (the stage at which the VC 
maximizes its profit by its share in the business) we need to derive the 
equilibrium ))(),(( sase  mathematically (see the full proof in the Appendix). 
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where (8) 
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In order to determine the VC’s optimal share in business, write down its 
expected profit as a function of its share, substituting the results from (8) and 
(9) into profit function (4): 
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We will maximize the obtained expression under two constraints: 

1) The entrepreneur’s profit is no less than w  (the threshold wage value), 
(incentive compatibility constraint). 

2) The VC’s profit is non-negative (individual rationality constraint). 

The problem may be expressed in the full form as follows: 
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If we know the values of all parameters then it will be easy to solve this problem 
using the Lagrange multipliers method. 

))(])1([)1((

))(])1([)1((

)(])1([)1(),,(

)()1(
2

)1()(
1

)()1(
21

kMsssRs

whcksssRs

kMsssRssL

qpqypx

eff
yxqypx

qpqypx

























 

In order to maximize the obtained Lagrangian the following system should be 
solved: 
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Thus when signing the contract the entrepreneur will encounter the shares in 
the business proposed by the VC and will accept it if his expected profit is no 
less than the threshold wage. In the second stage (realization of the project), 
knowing their shares the entrepreneur and the VC will choose the optimal levels 
of effort and advice, respectively (equations (8) and (9)). We can say that we 
have found an algorithm for determining the equilibrium values of parameters 
e, a and s. 

3. EXAMPLES 

The problem presented above cannot be solved explicitly; therefore, let us 
consider several particular cases. For simplicity we will make the following 
initial assumptions: 

Let R=1000, M=100, k=50, c(h)=25, w=70. Then we have four unknown 
parameters:  ,,, . By default, let these parameters equal 0.2, 0.2, 1.5, 1.5, 
respectively. Solve our problem given the values of all unknown parameters. The 
VC’s maximization problem is as follows (copied from Maple): 
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For further simplicity we will maximize the goal function first and check 
whether the inequalities hold at the point of maximum. The maximum value of 
the VC’s profit turned out to be 2087.03 with its share equal to 0.856, which 
means that the condition that the VC’s profit is non-negative holds. In order to 
check that the entrepreneur’s constraint is satisfied write down this constraint 
and plug in the values of all parameters. The entrepreneur’s expected profit is 
equal to: 

 

If we put 0.856 instead of s at optimum the entrepreneur’s profit will be equal to 
405.402, which is greater than his reservation wage (70). Therefore, we can say 
that the problem is solved. Let us illustrate the profit of the VC as a function of 
its share in the business: 

Picture 2. Graph of the relationship between the VC’s profit and its share in the 
business ( 5.1,2.0   ) 

 

Now let us see how the problem’s solution changes if we change one of the 
parameters. Begin with 4.0 , ceteris paribus.  
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The maximization problem will be as follows: 

 

The maximum value of the VC’s profit becomes 4971.156 and its new share is 
0.734, which means that the constraint of non-negative VC’s profit is satisfied, 
as in the initial problem. 

The entrepreneur’s profit function is as follows: 

 

At 0.734 the value of this function is 659.555, which is still greater than 70. 

Graphical illustration: 

Picture 3. Graph of the relationship between the VC’s profit and its share in the 
business ( 5.1,2.0,4.0   ). 
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We conclude that if ceteris paribus we increase the parameter  , the profits of 
both entrepreneur and VC increase and the VC’s share in the business declines. 

Consider another case. Now increase   to 0.4 keeping the other parameters of 
the initial problem unchanged. In this case the VC’s maximization problem is as 
follows: 

 

If we solve this problem we will obtain maximum profit of 9056.224 at the point 
s=0.826. The entrepreneur’s expected profit function is as follows: 

 

At s=0.826 the entrepreneur’s expected profit is equal to 1145.573; hence, the 
entrepreneur’s constraint is satisfied. 

We conclude that if we increase parameter   leaving other parameters 
unchanged, the expected profits of both entrepreneur and VC increase: these 
increments are higher than the ones obtained from the growth in parameter  . 
The share of the VC in the business still falls.  
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Picture 4. Graph of the relationship between the VC’s profit and its share in the 
business ( 5.1,4.0,2.0   ). 

 

Why in the case of growth in parameters   or   do both parties’ profits 
increase and the VC’s share in the business decline? Remember that both of 
these parameters directly affect the probability of the project’s success. Expected 
revenues increase with   and  , but costs are not affected by the change in 
either   or  . Hence the profits of both parties increase with both of these 
parameters. At the same time the profits increase in higher proportions if we 
increment parameter  . This can be explained by the higher sensitivity of the 
VC’s advice to   than to  . As a result the growth in beta brings about a 
higher increase in the equilibrium level of advice than in the same growth in 
alpha. In our case the level of the VC’s advice has more influence on the total 
surplus than the level of the entrepreneur’s advice, since, according to the 
assumptions of our model, it is the VC who participates in the first stage of the 
game (chooses the level of advice). 

From equation (4) it follows that   (not  ) is the behavioural parameter of the 
VC.  
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The VC’s share in the business declines. We will prove it using equation (4) and 

the Implicit Function Theorem. Our goal is to find 

s . Use IFT and express it 

through the level of advice: 
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s . By analogy it can be proved that 0




s .  

Now consider the growth of parameter  to 2 holding other parameters of the 
initial problem constant. The VC’s maximization problem is as follows: 

 

The solution is s=0.858 and max expected profit= 1328.27, which means that the 
VC’s constraint is satisfied. The entrepreneur’s profit function is as follows: 

 

At the point of maximum s=0.858 the entrepreneur’s expected profit is 179.034, 
hence the entrepreneur's constraint is also satisfied. 
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Picture 5. Graph of the relationship between the VC’s profit and its share in the 
business ( 5.1,2,2.0   ). 

 

Compared to the default case the profits of both agents declined, whereas the 
shares in the business did not significantly change (the VC’s share increased 
slightly). 

Consider the last case ( 2 , other parameters of the initial problem are left 
unchanged). The VC’s maximization problem is as follows: 

 

Maximum expected profit (1530.83) is obtained at the point s=0.885. The 
individual rationality constraint is satisfied. 

The entrepreneur’s expected profit function is as follows: 
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At the point s=0.885 the entrepreneur’s expected profit is 186.804, which is 
higher than 70. The incentive compatibility constraint is satisfied. Compared to 
the initial case, the profits of both agents declined and the share of the VC 
increased. 

Picture 6. Graph of the relationship between the VC’s profit and its share in the 
business ( 2,5.1,2.0   ). 

 

Let us explain why the profits of both parties declined in the last two examples. 

  and   are behavioural parameters of the VC and the entrepreneur, 
respectively. They demonstrate how a respective agent is averse to his own 
effort. Therefore, the greater is  , the higher are the VC’s costs at the same level 
of advice, which ceteris paribus means a decline in the VC’s expected profit. As 
a result for the VC it becomes optimal to decrease the level of advice leading to 
the decline of the project’s success probability, and hence of the entrepreneur’s 
expected profit. By analogy, the entrepreneur’s profit falls given the increase in 
  leading to the decline in the entrepreneur’s optimal level of effort and 
decrease in both success probability and the VC’s expected profit. Note that in 
the case of growth in   the decrease in both agents’ profits is more significant 
than in the case of growth in  . This happens because it is the VC who plays 

Venture financing of start-ups

79



first in our two-stage game and hence has greater influence on common surplus. 
The VC’s profit is more elastic with respect to the change in its own parameter 
( ) rather than to change in the entrepreneur’s behavioural parameter ( ). 

Now let us explain why the effect of increasing   in the VC’s share is 
ambiguous, whereas there is a strong positive relationship between   and s. 
Our explanation will contain elements of both mathematics and logic. 

Rewrite 

s  using equation (4) and the Implicit Function Theorem: 
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The denominator of the fraction is obviously positive. The numerator could be 
zero, positive, or negative. From equation (4) it directly follows that the 

numerator is positive ( aaV ln

 


 ; the first multiple is negative as well as 

the second one, since 10  a ). However, we should understand that there 
exists an opposite effect. Ceteris paribus the growth in   causes the VC’s costs 
to increase. This leads to the choice of the lower amount of advice and to a 
decrease in the VC’s expected profit. Which of the two effects dominates is 
unclear: everything depends on the parameters of the problem.  

Consider the effect of   on s. 

s
s

V

V








/
/





.  

The sign of the denominator is again positive. In this case, however, the sign of 
the denominator is unambiguous. Parameter   is not explicitly present in 
equation (4), but has an implicit effect on the VC’s expected profit. If   
increases the entrepreneur has an incentive to decrease the level of effort 
(because of the increase in his cost). The decrease of effort results in the decline 
of the project’s probability of success and the VC’s expected profit. As a result, 
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the numerator is negative and 

s  is positive. Ceteris paribus the growth in 

parameter   leads to the increase in the VC’s share in the business. 

4. CONCLUSION 

We built a model of contract between an entrepreneur and a venture capital 
fund at the stage of head-to-head negotiations. In other words, we avoided the 
stage of choosing the right project from the total supply of innovative products. 
On one hand, this may seem a single-sided description of reality. On the other 
hand, it helped us to highlight the chosen stage of venture financing in greater 
detail. Our main contribution is in finding the optimal shares of the VC and the 
entrepreneur in a given contract. To find these shares we implemented a 
standard economic method of inverse induction. Hence, unlike many other 
models (Keuschnigg & Nielsen (2005)), our model does not treat the shares in 
the business as exogenous: on the contrary, these shares are determined within 
the model. 

What are the other differences between our model and other models of contract 
in venture-backed projects? Firstly, our model implies that at the stage of 
fulfilling contract obligations the choice of effort from both parties is 
simultaneous. Due to the deficit of information and to the excessive potential 
costs of monitoring, neither VC nor entrepreneur can observe the level of effort 
of the counterparty in advance and then choose their own optimal levels of 
effort. Moreover, at the stage of fulfilling the contract both financing and 
financed parties are in somewhat equal conditions, since all important 
investments are already made. The entrepreneur has already made efforts to 
elaborate a business idea and the VC has financed this idea. Secondly, we 
include not only entrepreneurial effort, but also level of advice as a behavioural 
variable into our analysis. We thereby stress the importance of the VC’s advice 
at the project realization stage. Schmidt (2003) uses a step-by-step model of 
equilibrium (the entrepreneur’s level of effort is determined at an earlier stage, 
whereas the VC’s optimal level of advice is revealed at the latter stage) and 
therefore concentrates on the entrepreneurial effort variable. We consider this 
approach as not fully appropriate because managerial advice is important in the 
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life cycle of every project: the fact that such input adds value to every type of 
business is empirically proven.  

Another particularity of our framework is that it is the venture capital fund that 
determines the shares in the business. There is nothing strange in this since it is 
logical that all the bargaining power must belong to the financing side. The 
specific investments which could result in the loss of the VC’s bargaining power 
are made only after all the terms of the contract have been agreed. This means it 
is impossible for the entrepreneur to behave opportunistically (hence, he cannot 
acquire part of the VC’s surplus). However, this may imply opportunistic 
behaviour on the financing side because the entrepreneur’s specific investment 
(effort in elaborating the business idea) has been made before negotiations even 
start. Finally, the overwhelming bargaining power of the financing side can be 
explained by the fact that the financing side always has the choice of a wide 
number of projects, whereas entrepreneurs usually do not have any choice. 
According to statistics, out of 400 business ideas only one is financed. 

Let us point out and explain the main drawbacks of our paradigm. Firstly, even 
if our approach to modelling the venture financing is correct, most of the 
parameters of our model are unobservable in real life. Probably the worst 
omission in our model is that it assumes completeness and symmetry of 
information. However, abstraction is a property of any model: therefore this 
type of omission is inevitable. In many models with uncertainty in the type of 
behavioural variables these variables are discrete (often such variables take two 
values: zero and some positive one). Continuity of effort variables adds value to 
our model and increases its explanatory power. 

Another problem of our model is the complexity of the calculation due to a 
large number of parameters and equations (or inequalities). It is worth 
mentioning that the model is itself a simplified view of reality: in real life many 
more factors are considered. Moreover, our model has general (parametric) 
representation; hence, if we know all the parameters, the calculations will be 
minimal. In fact our model is not as complex as may seem at first sight: at some 
points it is actually oversimplified. The model does not consider such issues as 
implementing control rights (Hellmann (1998)) and the step-by-step format of 
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negotiations (Lerner (1994)). We omitted such issues in our analysis because 
they do not affect the essence of venture financing and can potentially make our 
analysis too complex.  

Despite the drawbacks of our model arising mostly from oversimplification, we 
managed to obtain some major results. The most important result is that we 
found the equilibrium levels of effort from the entrepreneur and the VC under 
the assumption of simultaneous choice of behavioural strategies. We showed 
that the obtained equilibrium is sustainable. This means that in the case of 
minor market failures (for example, due to incompleteness of information) and, 
consequently, agents’ mistakes, the equilibrium will eventually return to the 
discovered point. Finding the equilibrium levels of effort was enough to 
establish an algorithm for finding the optimal shares in the business. These 
shares, being the most important part of the contract, can easily be found given 
the knowledge of all the parameters of the problem. 

REFERENCES 

Armour, H. & Cumming, D. (2005). Bankruptcy Law and Entrepreneurship. ESRC Centre for 
Business Research, University of Cambridge, Working Paper No. 300 

Bergemann, D. & Hege, U. (2005). The Financing of Innovation: Learning and Stopping. RAND 
Journal of Economics,Vol. 36, No. 4, pp. 719-752 

Bergemann, D. & Hege, U. (1997). Venture Capital Financing, Moral Hazard, and Learning. 
(Discussion Paper 1997-108, Tilburg University) 

Cullen, J. B. & Gordon, R. H. (2002). Taxes and Entrepreneurial Activity: Theory and Evidence for 
the U.S. (NBER DP 9015. 2002) 

Gompers, P.A. & Lerner, J. (1998), What Drives Venture Capital Fundraising? Brookings Papers 
on Economic Activity - Microeconomics, pp. 149-192. 1998 

Gompers, P.A. & Lerner, J. (2001). The Venture Capital Revolution. Journal of Economic 
Perspectives No. 15, pp. 145-168 

Venture financing of start-ups

83

References



Gordon, R. H. (1998). Can High Personal Tax Rates Encourage Entrepreneurial Activity? (IMF 
Staff Papers 45, pp. 49-80) 

Hellmann, T. (1998). The Allocation of Control Rights in Venture Capital Contracts. Rand 
Journal of Economics No. 29, pp. 57-76 

Kanniainen, V. & Keuschnigg, C. (2004). Start-up investment with scarce venture capital support. 
Journal of Banking & Finance, pp. 1935-1959 

Keuschnigg, C. (2002). Taxation of a Venture Capitalist with a Portfolio of Firms, Oxford 
Economic Papers, forthcoming.  

Keuschnigg, C. (2003). Optimal Public Policy for Venture Capital Backed Innovation. (CESifo 
Working Paper Series No. 1066) Available at SSRN: http://ssrn.com/abstract=464600 

Keuschnigg. C. (2005). Public Policy, Start-up Entrepreneurship, and the Market for Venture 
Capital. (Univeristy of StGallen: Working Paper Series in Finance, No. 12) 

Keuschnigg, C. & Nielsen, S. B. (2002). Start-ups, Venture Capitalists and the Capital Gains Tax. 
(CEPR Discussion Papers with number 3263). 

Keuschnigg, C. & Nielsen, S. B. (2003a). Tax Policy, Venture Capital and Entrepreneurship. 
Journal of Public Economics. No. 87, pp. 175-203.  

Keuschnigg, C. & Nielsen, S. B. (2003b). Start-ups, Venture Capitalists and the Capital Gains Tax, 
Journal of Public Economics 

Keuschnigg, C. & Nielsen, S. B. (2005). Public Policy, Start-up Entrepreneurship, and the Market 
for Venture Capital. August 2005 

Keuschnigg, C. & Nielsen, S. B. (2007). Self-Selection and Advice in Venture Capital Finance. 
January 2007 

Keuschnigg, C. & Nielsen, S. B. (2007). Public Policy, Start-up Entrepreneurship, and the Market 
for Venture Capital. September. In:Parker, S. (Ed.). International Handbook Series on 
Entrepreneurship, Vol 3, pp. 227-257, ISBN 978-1-4419-4072-8  

Kortum, S. and Lerner, J. (2000). Assessing the Contribution of Venture Capital to Innovation. 
Rand Journal of Economics 31, pp. 674-692 

Lerner, J. (1994). The Syndication of Venture Capital Investments, Financial Management 23, pp. 
16-27 

84

Economic Annals, Volume LV, No. 187 / October - December 2010



Schmidt, M. K. (2003). Convertible Securities and Venture Capital Finance, Journal of Finance 43, 
pp. 1139-1166 

Verkasalo, H. T. (2006). Convertible securities overcoming double moral hazard in venture capital. 
University of Helsinki, ID: 2006-256 

APPENDIX 

Finding the equilibrium (e(s),a(s)) from the reaction functions 

From the reaction function of the VC (equation (5)) it follows that 
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From the reaction function of the entrepreneur (equation (7)) it follows that 
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In order to find the optimal level of )(sa  equalize the values of e from the two 
reaction functions: 
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where 
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By analogy find the expression for )(se : 
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